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INTRODUCTION
In this thesis the problem of varying heat flux into a semi­
infinite solid initially at zero temperature is investigated.
Varying heat flux means that the heat transferred to the solid by 
its surroundings is a function of time; in this particular problem 
it is chosen to be an exponential function of time. A semi-infinite 
solid is one which is bounded by only one plane.
This subject has achieved considerable importance in the field 
of space technology. A body in space is beyond the realm of aero­
dynamic heating and non-uniform skin temperatures reached as a 
result of radiation from a high temperature source or to low 
temperature surroundings are largely a matter of conjecture.
The study of temperature stresses due to non-uniform heat flow 
is also important. Solutions to this type of problem are presently 
based on an estimated initial surface temperature and its variation 
with time rather than on the promise of the exterior heat flow 
itself.
It is the purpose of this thesis, then, to aid in the prediction 
of temperatures within a semi-infinite solid as a function of time 
and heat flux, without regard to the type of heat flow to the 
solid or the surface temperature.
REVIEW OF LITERATURE
The analytical approach to temperature variation in a semi­
infinite solid as a function of time may be found in most advanced 
heat transfer texts; notable among these are the texts by H, S. 
Carslaw and by H. S. Carslaw and J. C. Jaeger. Ingersoll
and Zobel (3) have presented much the same material,
(1) H. S. Carslaw, Introduction to the Mathematical Theory of the
Conduction of Heat in Solids, 2nd Ed., N. Y., Dover Publications 
Am. Ed., 1945, pp. 47-50.
(2) H. S. Carslaw and J. C. Jaeger, Conduction of Heat in Solids, 
2nd Ed., London, Oxford University Press, 1959, pp. 50-77.
(3) L. R. Ingersoll, 0. J. Zobel, and A. C« Ingersoll, Heat
Conduction with Engineering and Geological Applications, 1st Ed. 
N. Y., McGraw-Hill, 1948, pp. 45-77.
while Schneider, (4) Kern, and Jakob (6) represent a sampling of 
the more simplified approach found in standard heat transfer texts.
(4) P. J. Schneider, Conduction Heat Transfer, 1st Ed., Mass., 
Addison-Wesley Publishing Company, 1955, pp. 272-276.
(5) D. Q, Kern, Process Heat Transfer, 1st Ed., N. Y., McGraw-Hill, 
1950, pp. 641-662.
3(6) M. Jakob, Heat Transfer, Vol. 1, 1st 
pp. 292-297.
Ed., N. Y., Wiley, 1949,
Material on thermal stresses comes largely from two sources,
Timoshenko (7) anc} Gatewood. (8)
(7) S. Timoshenko, Theory of Elasticity, 
p. 203.
N. Y., McGraw-Hill, 1934,
(8) B. E« Gatewood, Thermal Stresses, N. 
p. 77-78.
Y., McGraw-Hill, 1957,
Very little material of this nature is to be found in individual 
papers or articles.
In all the literature investigated only the approach from a 
given or assumed surface temperature -was used. Nowhere did the 
author locate the approach of this thesis, that of a varying exter­
nal heat source and unknown surface temperatures.
DISCUSSION
The problem of temperature determination within a semi­
infinite solid as a function of applied heat flux requires a know­
ledge of the temperature behavior of the solid as it undergoes 
transient thermal conduction as a result of this applied heat flux. 
It is assumed that the solid under discussion in this paper is 
homogeneous and that at any given instant the applied heat flux is 
distributed equally over the bounding plane. Under these conditions 
the heat flow will be in one direction, normal to this boundary 
plane.
Heat flow within a solid takes place by conduction and is a 
function of time, temperature gradient, and the physical properties 
of the solid. A general conduction equation based on these para­
meters is then necessary in order to determine the effect of the 
applied heat flux.
Since conduction in this case takes place in one direction 
only, it must follow Fourier's conduction equation: (9)
(9) W. H. McAdams, Heat Transmission, 3rd Ed., N„ Y., McGraw-Hill, 
1954, p, 3.
2^2 = -/< A  { / )
c/e
where c/Q is the amount of heat flowing in differential time ,
A is the area normal to flow through which this heat is being
conducted, k is a proportionality factor called the thermal conduc­
tivity, and c/£ is the temperature gradient, or the rate of change
<*v
5in temperature with respect to distance. Temperature decreases with
position in the direction of heat flow; therefore, if the heat flow,
^ Q  , is taken as positive, the temperature gradient must be 
c/e
negative, as shown in Equation 1,
A more general equation is desired, however. Consider the 
differential volume shown in the following figure. Its faces are 
parallel to the x, y, and z coordinate planes.
If this differential parallelepiped is from a semi-infinite solid, 
the bounding face of which is parallel to the y-z plane, conduction 
in either the y- or z-direction is eliminated and conduction can take 
place only in the x-direction.
Let the amount of heat entering the parallelepiped in differen­
tial time be and the amount of heat leaving the parallele­
piped be O'q k . In order for the total energy to be conserved, 
the heat entering the parallelepiped must be equal to the heat 
leaving it plus whatever energy, Qs , is stored within it to raise 
its internal energy level. Expressed mathematically:
c/qx =  ^
6From Equation 1:
c^Qk = ' ^ o < z / r
The heat leaving the parallelepiped will be:
O V * * *  =  -  ety**.X ft + § £ < * < )
or:
=  -  Otyc/*.S< ■§£- C/& -  c / y c f e r f ' < = / x  <=/&.
The amount of heat stored within the parallelepiped in time <z/Q 
is known to be the product of the specific heat, volume, and density 
of the particular material and its temperature rise, or:
<*Qs = P  9. c/xc/yQfz. J e  C/&.
From Equation 2 then:
-c/yts/z . / < ^h/yO ^Z K  /<  J-tL O^ Kc/G  v^O J  c /Q
which reduces to:
/O C- ^  —
/ ° cr a e  - A'
**L
a x 2 C S J
For a material with physical properties unaffected by temperature,
A'
k, 0^ and are constant, When grouped as ~/o~Cp~ they form a new 
constant, oC , called the thermal diffusivity. Equation 3 can
then be written:
This is Fourier's general conduction heat transfer equation for 
one-dimensional flow, (10) and all one-dimensional conduction problems
must satisfy this equation regardless of initial and boundary 
conditions.
(10) P« J. Schneider, Conduction Heat Transfer, 1st Ed., Mass.,
Addison-Wesley, 1955, p. 4.
The solution to Equation 4 then, as a function of the boundary 
conditions of the particular problem, is a means of determining the 
temperature as a function of time, position, and initial condition 
anywhere within a material undergoing transient one-dimensional heat 
conduction. Many such particular solutions are available; however, 
the boundary conditions governing these solutions are all expressed 
in terms of the surface temperature or temperature function.
It is the purpose of this investigation to determine the 
solution to Equation 4 using a variable external heat flow as a 
boundary condition. The expression for this heat flow at the 
boundary will first be taken in this paper as a simple exponential 
function of time:
Examination of this equation shows that as the time, 0 9
increases the heat flow decreases exponentially from its
8initial value of ^  . The constant, c, in the exponent simply
determines the rapidity at -which the heat flow decreases.
It should be noted at this point that any one of an infinite 
number of expressions for variable heat flow could be chosen as a 
boundary condition. For example, the heat flow could be expressed 
as a periodic function of time. Any of these have merit as appli­
cations to specific engineering problems, and their future study 
could well provide worthwhile contributions to the profession.
Equation 5 was chosen for this paper because of its simplicity 
and its usefulness as a possible expression for radiant heat transfer 
to a space vehicle in flight.
In order to solve the equation
3 x 2 OC 3 0
with the equation
f ( o , e ) = f 0 e ce
as one of the boundary conditions, it will be necessary to determine 
other boundary and initial conditions.
Figure 2 is a sketch of the semi-infinite solid under considera­
tion in this discussion*
9In this sketch x is the distance in feet normal to the surface 
and t is the instantaneous temperature at time @  and distance x. 
Equation 1 can be rewritten in partial derivative form, based
(11) H, S. Carslaw and J. C„ Jaeger, Conduction of Heat in Solids, 
2nd Ed., London, Oxford University Press, 1959, p. 7,
This can be combined with equation 5 to yield the first boundary 
condition:
For the purposes of this paper the solid will be assumed to be 
at a uniform temperature initially. Any uniform temperature level 
is acceptable, and this level will be considered a datum of zero for 
the sake of simplifying the calculations. This means that the 
temperature solution will represent a temperature difference between 
the actual initial temperature and that of the point in question. 
This condition of zero initial temperature level then sets the 
remaining two initial and boundary conditions:
on unit area, as: (H)
-C<9
2/ (X j & ) ~~ &  tv/)c.s7 X  — O c/ &■ =.&. ( 7 )
t (Xj &) —  O  *vh e n X — 0^ anc/ O  =
10
Equation 7 states that at zero time, before the application of 
heat, the surface temperature of the solid is zero. Equation 8 states 
that at any time &  , at an infinite depth in the solid, the
temperature has not been affected by the applied heat flux.
Equation 4 can now be rewritten for aid in following the step­
wise solution:
3 i ___ _ 2>2*
30 3K2- ■
Applying LaPlace transforms:
(/o)
Letting — Equation 10 can be transformed to:
P  ■ t f t j  -t /x , o j = oc***
. ( 12 )
where is defined by the equation:
r  =  f e ' >u f f r M o
(12) E„ J. Scott, Transform Calculus with an Introduction to Complex 
Variables, 1st Ed., N. Y., Harper and Brothers, 1955, p. 200.
or;
P  *
11
This can be written as:
j 3 V
dx* 0 0
(13)
Applying the operator method of solution to Equation 11:
(13.) L« M, Kells, Elementary Differential Equations, 4th Ed., N, Y., 
McGraw-Hill, 1954, pp. 128-130.
(D*-£r)t = o 
m  * = £ - >  ^  = -  V £ -  ,
Thus
/  *  q  y- Cg e ^ x  , (*z)
The constants of integration, and C  ^must be evaluated. Taking 
the LaPlace transform of the boundary condition of Equation 8 yields:
/ (oO; &) - L. ~ O.
(14)
(14) E„ J, Scott, Transform Calculus with an Introduction to Complex 
Variables, 1st Ed., N, Y«, Harper and Brothers, 1955, p. 200.
Applying this boundary condition to Equation 12:
£ - o = q y  c2 (/3)
as x approaches infinity.
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Since
L /m * 00
00j
and
L/rn
x—*°°
C]_ must equal zero in order that Equation 13 can hold true. 
Equation 12 is then
f  = c z e'v*r *. 0 * )
Equation 6 can be utilized at this point to determine the second 
integration constant. The LaPlace transform of Equation 6 is
(15)
/V-C Os)
(15) E. J. Scott, Transform Calculus with an Introduction to Complex 
Variables, 1st Ed., N. Y., Harper and Brothers, 1955, p. 318.
and differentiating Equation 14 with respect to x:
M -
3 k
0 6 )
This can be evaluated at the boundary condition of Equation 7 leaving:
H r (°-&) = c2 ( ~ V £ ) . O ? )
13
Equations 15 and 17 are both expressions for a£ x 
can be equated to give
-  -£■ • -&c =  < ^ 7
= o, and
or;
c* =
/
(P+c)7 (7^;
Substituting this value in Equation 14:
t  = Yp ( p *-c) 09 )
The inverse LaPlace transfoim of Equation 19 can now be taken:
f t }  =  7 - 7  f  ' V p ~C°^c) }
or:
/  = a; L ‘  r
> -y&r*
YP~ / V C7/. (2o)
It is necessary to use the Convolution Theorem 
transform calculus on this equation.
(16) of LaPlace
(16) E 0 Jo Scott, Transform Calculus with an Introduction to Complex 
Variables, 1st Ed., Harper and Brothers, 1955, pp. 75-77.
Symbolically stated, the Convolution Theorem is:
Z._/ f t  CPJ4 fP )J  = S; C&J #  £  (e ) .
14
In this case
e
^  VJro ^
x*+oce (17)
(17) C, R» Ca Standard Mathematical Tables, 11th Ed„, Ohio, Chemical 
Rubber Publishing Co,, 1957, p, 320,
and
^2 (**) / V C  * 
/ % ( & ) =  C * * .
(18)
(18) Ca R, C a Standard Mathematical Tables, 11th Ed,, Ohio, Chemical 
Rubber Publishing Co,, 1957, p. 316,
Equation 20 can now be written:
t  =
X*-~*°c& —ce 7# e J
o r :
(2/)
This can be grouped and simplified as shown in the following steps
^  * * < • - »
y r ~
* <s~*£r-c$+c*
V 7 T
e  v r
c/A
o
(22.)
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This equation cannot be integrated analytically. Before attempting 
a graphical integration toward a particular solution to a given 
problem, knowledge of the behavior of the curve near zero time is 
necessary.
The limit of the integrand of Equation 22 as time approaches 
zero is given by:
(19) F. 3. Woods, Advanced Calculus, 3rd Ed«, Mass., Ginn and Co., 
1934, p. 13.
Expanding the denominator term in a MacLaurin series
or
or
xa.
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This, when combined with Equation 22, agrees with the stipulated 
boundary condition that the temperature must be zero at zero time.
— Q Q
If Equation 5, e  , the original boundary
condition of exponentially decreasing heat flow, were changed to one 
of exponentially increasing flow
^ r o , & )  =  e c *  (xsj
the same reasoning as followed throughout this paper could be applied 
to yield an equation similar to Equation 22, but applicable to this 
type of flow:
/ -
c/A
Y 7 T  ■
The limit of this as time approaches zero can also be shown to be zero.
In the graphical solution of Equation 22 or 24 certain assump­
tions must be made. The differential <^A will be designated as the 
finite difference between successive time intervals. A will then be 
the average of the time limits of each interval. These lead to the 
further assumption that the temperature is constant over each finite 
time interval. This necessitates the use of small time intervals, 
particularly where the temperature is changing rapidly. The 
temperatures determined will thus be the average temperature for each 
particular time interval.
Equations 22 and 24 are solutions to the problem under considera­
tion in this thesis, and it would be well to illustrate their use 
with a practical problem.
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Consider a semi—infinite steel body exposed to a varying heat 
flux conforming to either Equation 5 or 23. The physical properties 
of this steel and the heat flow characteristics are:
This value of qQ was chosen because it approximates solar 
radiation in space.
Table 1 shows the tabulated values of the time, temperature and 
position data for exponentially decreasing heat flow as determined by 
Equation 22. Plate 1 shows the corresponding time-temperature curves 
for various positions.
Table 2 shows the tabulated values of the time, temperature and 
position data for exponentially increasing heat flow as determined by 
Equation 24. Plate 2 shows the corresponding time-temperature curves
k = 2 6  Btu/hr-sq ft-°F/ft 
/° = 485 lb/cu ft
«  =0.447 Btu/sq ft-hr
cp = 0.12 Btu/lb-°F
qQ = 500 Btu/sq ft-hr 
c = 2  hr“-*-
for various positions
18
TABLE I
TEMPERATURE IN A SEMI-INFINITE STEEL SOLID SUBJECTED TO EXPONENTIALLY
DECREASING HEAT FLUX
&  - time (hours)
t = temperature (°F) 
q = q0e“c G 
qQ = 500 Btu/hr-ft^
X = 0.01 x = 0.05 x = o.io
t e t e
/
t o
1.00 0.01 0.00 0.01 0.00 0.01
2.61 0.05 1.54 0.05 0.00 0.05
3.86 0.10 2.77 0.10 1.16 0.10
6.52 0.30 5.40 0.30 3.75 0.30
8.39 0.50 7.27 0.50 5.60 0.50
10.93 1.00 9.80 1.00 8.11 1.00
13.07 2.00 11.95 2.00 10.26 2.00
14.77 3.00 13.65 3.00 11.96 3.00
16.24 4.00 15.12 4.00 13.43 4.00
17.77 5.00 16.65 - 5.00 14.96 5.00

20
TABLE II
TEMPERATURE IN A SEMI-INFINITE STEEL SOLID SUBJECTED TO EXPONENTIALLY
INCREASING HEAT FLUX
O  = time (hours) 
t = temperature (°F)
q = qoec<9
qQ =500 Btu/hr-ft2
X =0.1 x = 0.3 x = 0.5
t a t & t e
0.34 0.01 0.00 0.01 0.00 0.01
1.81 0.05 0.85 0.05 0.00 0.05
3.16 0.10 1.59 0.10 0.22 0.10
7.47 0.30 5.04 0.30 2.44 0.30
10.92 0.50 8.13 0.50 4.90 0.50
21.31 1.00 17.93 1.00 13.58 1.00
58.52 2.00 53.95 2.00 47.62 2.00
108.25 3.00 103.68 3.00 91.50 3.00
173.09 4.00 168.52 4.00 156.34 4.00
332.78 5.00 328.21 5.00 316.03 5.00

CONCLUSIONS
The temperature as a function of time at any position in a semi­
infinite solid subjected to an external heat flux conforming to 
equations 5 or 23 can be determined by means of equations 22 or 24, 
as derived.
This method is concerned with the expression for heat flux, and 
is not dependent upon a knowledge of the surface temperature behavior.
It is felt that this method of approach could be utilized in the 
solution of other problems involving a variable external heat flux, 
and that a family of solution equations could be obtained to include 
the most commonly encountered heat flow expressions.
The degree of accuracy of this solution is a function of the 
magnitude of the time intervals chosen. It can be seen from the 
tables and curves that many points are necessary to determine a 
curve for each position, or depth, in the solid. Although rela­
tively simple mathematically, the use of equations 22 or 24 can be 
rather tedious if high accuracy for a number of positions is desired.
This type of solution, however, is ideally suited to machine 
programming because of its simplicity, and the use of a general 
program for digital computer use of each equation would, the author 
feels, prove advantageous to those requiring extended application
of these solutions
SUMMARY
By the use of Fourier7s general expression for one-dimensional 
heat conduction and applied initial and boundary conditions, a 
solution to the problem of temperature distribution in a semi­
infinite body as a function of prescribed external heat flux has 
been determined.
These solution equations, pertaining to exponentially increasing 
or decreasing heat flux, are relatively simple in application, and 
suggest the possibility of similar methods being used advantageously 
in the solution of a variety of external heat flux problems. It is 
the hope of the author that this work be extended to include these 
various boundary conditions as applied to a semi-infinite solid or
more complex systems
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